Rozvoj kvality vzdélavani, hodnoceni a strategického fizeni na Univerzité Pardubice
CZ.02.2.69/0.0/0.0/16_015/0002320

APPLIED MATHEMATICS — THE NUMERICAL INTEGRATION

Lecture Notes
Numerical integration
We do not know the explicit sharp of the function
We know it but it is too complex
Approximate calculation of the integral
Methods are based to replacement of the function using the interpolation polynomial

The general formulation of the problem

b
ff(x)dx;a<b€]R

Newton-Cotes quadrature formulas of the closed type —nodes — end points

Newton-Cotes quadrature formulas of the open type — nodes — centers

Newton-Cotes quadrature formulas of the closed type NCKV
(a; b) is divided into equidistant nodes
a=xg<x;1 < <x,=0b

b—a
n

hr =

In every interval (x;_1; x;),i = 1; ...; n we replace the integrand by the Lagrange interpolation
polynomial (LIP) order of k

Xi

Xi
Lig: ff(x)dxz fLi,k(x)dx
Xi-1

Xi-1

Simple NCKV order k

In interval (a; b) applies the composite NCKV

fbf(x) dx ~ i ff(x) dx ~ i ji Lix(x)dx

i=1 Xi_1 i=1 Xi_1
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Determination of the mistake Ry, (f) na {x;_1; x;)

RPAGRICD
Rl,k(f) = f f(x) dx — f Li,k(x)dx = W(x — tO) (x — tk)dx
Xi-1 Xi-1 Xi-1 .
tr inside nodes for construction LIP

fE+D () we estimate M = max |f(k)(x)|
x€(a;b)

Rectangular method (k = 0) NCKV
f(x) we replace in every sub interval by the polynomial of the zero order (constant)

in{x;_;x)  f(x) Lo = f(x—1)

f FGdx ~ f FGon)dx = Flay) - 2 = Flroy)

Xi—

in{a; b)

f f()dx ~ Z f LiGdx = Z f £ )dx = hZf(xl D= hlfo + i+ o+ fooa)

llxll lell

composite rectangular rule

mistake
Ro(f) = f FGodx - hz Flr) = Z I P —xiar =Y [ xipax
i=1x;_4 i=1 - Xi—1
—a
substitution h = LG
"l = xy + th tE(Ol) ZML

dx = hdt

1

! 1
t2 1
f(x—xl 1)dx_fth hdt—hzftdt—hz[ ] =~ h?
2], 2
0

Xi1 0

X—Xx;_1 =th
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dx = hdt
forx =x;_1:0=th->t=0

forx =x;:x; —x;_1 =th
h

h=th
h—th=0
h(1—-t)=0-t=1

2 _ 2
in (@ b) Ry(F) < My %o m = M, - 22
M; = !
1 xrerzggé)lf (€3]
EX: {exact value: [— cos x]g =— cosg +cos0=0+1=1

sinx dx

o — iy

X sin x
0 0

T 0,3827
8 )

r 0,7071
4 )

3

— 10,9239
8

G

2

T
2
T
f sinx dx = §(0 +0,3827 + 0,7071 + 0,9239) = 0,7884
0

The estimation of the mistake:

T 2
M (7_0) 1 1— 2*03084
2.4 8 4 8 327 7
f(x) =sinx
EVROPSKA UNIE W
Evropské strukturalni a investiéni fondy I

Operaéni program Vyzkum, vyvoj a vzdélavani



Rozvoj kvality vzdélavani, hodnoceni a strategického fizeni na Univerzité Pardubice
CZ.02.2.69/0.0/0.0/16_015/0002320

i
f'(x) = cosx » max na <O;E) jel

[=> exact value lies in (0,7884 + 0,3084)]

Trapezoidal method (NCKV of the 1 order)

We replace in every (x;_1; x;),i = 1; ...;nf(x)
ll(x)_f(xl 1) +f(x) ) ;i=1;..;n

inx € (x;_q; x;)

Liy(x);h =x; — x;_4

[xi—1if(xi—1)] —Xi-1
s bis @0 = ) - +f(xl>—l_xi_1
—Xi-1
f Fedx = f o) 22 e S ax

x]j(fl ) f( x;)dx + 'f(xl f(x—xl 1)dx

h
substltutlon. X =Xj_1+thte€ (0; 1)

dx =hdt
prox =x;_q1:x;_ 1 =%j_1+th=t=0
= prox = x;:x; = x;_1 +th
Xi —Xj—1 = th
h =th

h(1—-t)=0=>¢t=0

for mistake: @
= X—Xj_1 =Xj_1 +th—x;_4
X—Xxi=Xj_1+th—x;=th—h=h(t—-1)
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1
f(;fi) f(xi_1 +th—x,_Dhdt
0

1
— —@f{xi_l +th — x)h dt +
0
1 1
f(xizq) f(x)
- _—f(h(t —1))hdt +T0f(th)h dt
1
_ f(x‘ ) hzf(t—l)dt+f(:i)h2ftdt
2 1
7,
) (G-1) - @0 +rreo 53] =5 Ftxi) +5 1)
=5 [f(xi—1) + f(x)]

0

—hf (x;— 1)[ —t] + hf (x;)

in{a; b)

b n
h
[ reaar = 317G + o
= {z 1lf CGeo) + f O] + i=alf Cen) + fOeD] + - + oo [F Gon—2) + f (1)1

+ iealf o) + FGI} = 5 [f(m +2 Z Fle) + f(xn)]
=2

n—1
h
=3 [f(a) +2 Z £+ £()

The estimation of the mistake:

1
Ri1(f) = f (77) f( — x;_1)(x — x;)dx = |the same substitution| = f7() [th-h(t—1hdt
_ OGO

—T'h30f“2 ~0de =5 h [3‘7]0 =553

1 1
= ——h3f" =——h3M
12 f (77) 12 2

n'Mz(b_a)3_ Mz

1
R < —h3M = =
ROl <n-h*My =—2=—73 12n2

_ 3. — 17
(b—a)’ M, xg}gg&lf (€3]
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EX:
T
2
fsinxdx
0
X sin x
0 0
z 0,3827
8 )
r 0,7071
34 :
2 10,9239
8
1o
2
Vs
2 T
f sinxdx = %(0 +2(0,3827 + 0,7071 + 0,9239) + 1) = 0,9871
0
The estimation of the mistake:
M, s M, T 3 1 s 3
—_ = - = = P— = 202
0~ = (2 0) 12-16' 8 1536 2020
f(x) =sinx
f'(x) = |cos x|
f'"(x) =|-sinx| > M, =1

[=> exact value lies in (0,9871 £ 0,0202)]
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Summary NCKV k-th order

K Name Simple Composed Mistake
b—a
n Ml ' m
Rectangle . _ Z |
01 method h f(xi-1) R fio1) ;
i=1 1 ’
= xrergggé)lf €3]
M
n-1 Tz 0~ @)
Trapezoidal | h h
1 method | 3 (f (xim) + f(x) 5 fla)+2 ; fx) + f(b) ",
=x2%3?§,>|f (€3]
h n-1
h 3 [f(xo) +2 z f(x20) M, ]
3 (G +4f(s) = ol CR
Simpson _
2 method +fx0) + 4;f(x2i—1) M,
s stied x;_1 — x; = max TRAEI]
i—-1 i n f(xzn)‘ x€{a;b)
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