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APPLIED MATHEMATICS – THE NUMERICAL INTEGRATION 
 

Lecture Notes 

Numerical integration 

We do not know the explicit sharp of the function 

We know it but it is too complex 

Approximate calculation of the integral 

Methods are based to replacement of the function using the interpolation polynomial 

The general formulation of the problem 

∫𝑓(𝑥) 𝑑𝑥

𝑏

𝑎

; 𝑎 < 𝑏 ∈ ℝ 

Newton-Cotes quadrature formulas of the closed type – nodes – end points 

Newton-Cotes quadrature formulas of the open type – nodes – centers 

 

Newton-Cotes quadrature formulas of the closed type NCKV 

〈𝑎; 𝑏〉 is divided into equidistant nodes 

𝑎 = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑛 = 𝑏 

ℎ𝑟 =
𝑏 − 𝑎

𝑛
 

In every interval 〈𝑥𝑖−1; 𝑥𝑖〉, 𝑖 = 1; … ; 𝑛 we replace the integrand by the Lagrange interpolation 

polynomial (LIP) order of k 

𝐿𝑖,𝑘 : ∫ 𝑓(𝑥) 𝑑𝑥

𝑥𝑖

𝑥𝑖−1

≈ ∫ 𝐿𝑖,𝑘(𝑥) 𝑑𝑥

𝑥𝑖

𝑥𝑖−1

 

 

Simple NCKV order k 

In interval 〈𝑎; 𝑏〉 applies the composite NCKV 

∫𝑓(𝑥) 𝑑𝑥

𝑏

𝑎

≈∑ ∫ 𝑓(𝑥) 𝑑𝑥

𝑥𝑖

𝑥𝑖−1

𝑛

𝑖=1

≈∑ ∫ 𝐿𝑖,𝑘(𝑥)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

𝑛

𝑖=1
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Determination of the mistake 𝑅𝑘(𝑓) na 〈𝑥𝑖−1; 𝑥𝑖〉 

𝑅1,𝑘(𝑓) = ∫ 𝑓(𝑥) 𝑑𝑥

𝑥𝑖

𝑥𝑖−1

− ∫ 𝐿𝑖,𝑘(𝑥)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

= ∫
𝑓(𝑘+1)(𝜂𝑖)

(𝑘 + 1)!
(𝑥 − 𝑡0)… (𝑥 − 𝑡𝑘)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

 

𝑡𝑘 inside nodes for construction LIP 

𝑓(𝑘+1)(𝜂𝑖) we estimate 𝑀 = max
𝑥∈〈𝑎;𝑏〉

|𝑓(𝑘)(𝑥)| 

 

 

Rectangular method (k = 0) NCKV 

𝑓(𝑥) we replace in every sub interval by the polynomial of the zero order (constant) 

in 〈𝑥𝑖−1; 𝑥𝑖〉 𝑓(𝑥) ↷ 𝐿𝑖,0 = 𝑓(𝑥𝑖−1) 

∫ 𝑓(𝑥)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

≈ ∫ 𝑓(𝑥𝑖−1)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

= 𝑓(𝑥𝑖−1) ⋅ [𝑥]𝑥𝑖−1
𝑥𝑖 = 𝑓(𝑥𝑖−1) 

 

in 〈𝑎; 𝑏〉 

∫𝑓(𝑥)𝑑𝑥

𝑏

𝑎

≈∑ ∫ 𝐿𝑖,0(𝑥)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

𝑛

𝑖=1

=∑ ∫ 𝑓(𝑥𝑖−1)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

𝑛

𝑖=1

= ℎ∑𝑓(𝑥𝑖−1)

𝑛

𝑖=1

= ℎ(𝑓0 + 𝑓1 +⋯+ 𝑓𝑛−1) 

composite rectangular rule 

 

mistake 

𝑅0(𝑓) = ∫𝑓(𝑥)𝑑𝑥

𝑏

𝑎

− ℎ∑𝑓(𝑥𝑖−1)

𝑛

𝑖=1

=∑ ∫
𝑓′(𝜂)

1!
(𝑥 − 𝑥𝑖−1)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

𝑛

𝑖=1

=∑
𝑓′(𝜂)

1!
∫(𝑥 − 𝑥𝑖−1)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

𝑛

𝑖=1

= |
substitution ℎ =

𝑏 − 𝑎

𝑛
𝑥 = 𝑥𝑖−1 + 𝑡ℎ;  𝑡 ∈ 〈0; 1〉

𝑑𝑥 = ℎ 𝑑𝑡

| =∑𝑀𝑖
ℎ2

2

𝑛

𝑖=1

 

∫(𝑥 − 𝑥𝑖−1)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

= ∫𝑡ℎ ⋅ ℎ 𝑑𝑡

1

0

= ℎ2∫𝑡 𝑑𝑡

1

0

= ℎ2 [
𝑡2

2
]
0

1

=
1

2
ℎ2 

𝑥 − 𝑥𝑖−1 = 𝑡ℎ 
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𝑑𝑥 = ℎ 𝑑𝑡 

for 𝑥 = 𝑥𝑖−1: 0 = 𝑡ℎ → 𝑡 = 0 

for 𝑥 = 𝑥𝑖 : 𝑥𝑖 − 𝑥𝑖−1⏟      
ℎ

= 𝑡ℎ 

ℎ = 𝑡ℎ 

ℎ − 𝑡ℎ = 0 

ℎ(1 − 𝑡) = 0 → 𝑡 = 1 

 

in 〈𝑎; 𝑏〉 |𝑅0(𝑓)| ≤ 𝑀1 ⋅
ℎ2

2
⋅ 𝑛 = 𝑀1 ⋅

(𝑏−𝑎)2

2𝑛
 

𝑀1 = max
𝑥∈〈𝑎;𝑏〉

|𝑓′(𝑥)| 

 

 

EX:  {exact value: [− cos 𝑥]0

𝜋

2 = −cos
𝜋

2
+ cos 0 = 0 + 1 = 1 

∫ sin 𝑥 𝑑𝑥

𝜋
2

0

 

x sin x 

0 0 
𝜋

8
 0,3827 

𝜋

4
 0,7071 

3𝜋

8
 0,9239 

𝜋

2
 1 

∫sin 𝑥 𝑑𝑥

𝜋
2

0

≐
𝜋

8
(0 + 0,3827 + 0,7071 + 0,9239) ≐ 0,7884 

The estimation of the mistake: 

𝑀1 ⋅
(
𝜋
2 − 0

)
2

2 ⋅ 4
= 1

(
𝜋
2
)
2

8
=
𝜋2

4
⋅
1

8
=
𝜋2

32
≐ 0,3084 

𝑓(𝑥) = sin 𝑥 
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𝑓′(𝑥) = cos 𝑥 → max na 〈0;
𝜋

2
〉  je 1 

[=> exact value lies in (0,7884 ± 0,3084)] 

 

 

Trapezoidal method (NCKV of the 1st order) 

We replace in every 〈𝑥𝑖−1; 𝑥𝑖〉, 𝑖 = 1;… ;𝑛 𝑓(𝑥) 

𝐿𝑖,1(𝑥) = 𝑓(𝑥𝑖−1)
𝑥 − 𝑥𝑖
𝑥𝑖−1 − 𝑥𝑖

+ 𝑓(𝑥𝑖)
𝑥 − 𝑥𝑖−1
𝑥𝑖 − 𝑥𝑖−1

; 𝑖 = 1;… ;𝑛 

in 𝑥 ∈ 〈𝑥𝑖−1; 𝑥𝑖〉 

𝐿𝑖,1(𝑥); ℎ = 𝑥𝑖 − 𝑥𝑖−1 

[𝑥𝑖−1; 𝑓(𝑥𝑖−1)]

[𝑥𝑖; 𝑓(𝑥𝑖)]
}𝐿𝑖,1(𝑥) = 𝑓(𝑥𝑖−1) ⋅

𝑥 − 𝑥𝑖
𝑥𝑖−1 − 𝑥𝑖

+ 𝑓(𝑥𝑖)
𝑥 − 𝑥𝑖−1
𝑥𝑖 − 𝑥𝑖−1

 

∫ 𝑓(𝑥)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

≐ ∫ [𝑓(𝑥𝑖−1)
𝑥 − 𝑥𝑖
𝑥𝑖−1 − 𝑥𝑖

+ 𝑓(𝑥𝑖)
𝑥 − 𝑥𝑖−1
𝑥𝑖 − 𝑥𝑖−1

] 𝑑𝑥

𝑥𝑖

𝑥𝑖−1

=
𝑓(𝑥𝑖−1)

𝑥𝑖−1 − 𝑥𝑖⏟      
−ℎ

∫(𝑥 − 𝑥𝑖)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

+
𝑓(𝑥𝑖)

𝑥𝑖 − 𝑥𝑖−1⏟      
ℎ

∫(𝑥 − 𝑥𝑖−1)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

=

|

|

substitution: 𝑥 = 𝑥𝑖−1 + 𝑡ℎ; 𝑡 ∈ 〈0; 1〉

𝑑𝑥 = ℎ 𝑑𝑡
pro 𝑥 = 𝑥𝑖−1: 𝑥𝑖−1 = 𝑥𝑖−1 + 𝑡ℎ ⇒ 𝑡 = 0

pro 𝑥 = 𝑥𝑖: 𝑥𝑖 = 𝑥𝑖−1 + 𝑡ℎ
𝑥𝑖 − 𝑥𝑖−1 = 𝑡ℎ

ℎ = 𝑡ℎ
ℎ(1 − 𝑡) = 0 ⇒ 𝑡 = 0

|

|

= |
for mistake: ⊕

𝑥 − 𝑥𝑖−1 = 𝑥𝑖−1 + 𝑡ℎ − 𝑥𝑖−1
𝑥 − 𝑥𝑖 = 𝑥𝑖−1 + 𝑡ℎ − 𝑥𝑖 = 𝑡ℎ − ℎ = ℎ(𝑡 − 1)

| 
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= −
𝑓(𝑥𝑖−1)

ℎ
∫(𝑥𝑖−1 + 𝑡ℎ − 𝑥𝑖)ℎ 𝑑𝑡

1

0

+
𝑓(𝑥𝑖)

ℎ
∫(𝑥𝑖−1 + 𝑡ℎ − 𝑥𝑖−1)ℎ 𝑑𝑡

1

0

= −
𝑓(𝑥𝑖−1)

ℎ
∫(ℎ(𝑡 − 1))ℎ 𝑑𝑡

1

0

+
𝑓(𝑥𝑖)

ℎ
∫(𝑡ℎ)ℎ 𝑑𝑡

1

0

= −
𝑓(𝑥𝑖−1)

ℎ
⋅ ℎ2∫(𝑡 − 1)𝑑𝑡

1

0

+
𝑓(𝑥𝑖)

ℎ
ℎ2∫𝑡 𝑑𝑡

1

0

= −ℎ𝑓(𝑥𝑖−1) [
𝑡2

2
− 𝑡]

0

1

+ ℎ𝑓(𝑥𝑖) [
𝑡2

2
]
0

1

= −ℎ𝑓(𝑥𝑖−1) [(
1

2
− 1) − (0 − 0)] + ℎ𝑓(𝑥𝑖) [

1

2
−
0

2
] =

ℎ

2
𝑓(𝑥𝑖−1) +

ℎ

2
𝑓(𝑥𝑖)

=
ℎ

2
[𝑓(𝑥𝑖−1) + 𝑓(𝑥𝑖)] 

 

in 〈𝑎; 𝑏〉 

∫𝑓(𝑥)𝑑𝑥

𝑏

𝑎

≈∑
ℎ

2
[𝑓(𝑥𝑖−1) + 𝑓(𝑥𝑖)]

𝑛

𝑖=1

=
ℎ

2
{ [𝑓(𝑥0) + 𝑓(𝑥1)]𝑖=1 + [𝑓(𝑥1) + 𝑓(𝑥2)]𝑖=2 +⋯+ [𝑓(𝑥𝑛−2) + 𝑓(𝑥𝑛−1)]𝑖=𝑛−1

+ [𝑓(𝑥𝑛−1) + 𝑓(𝑥𝑛)]𝑖=𝑛 } =
ℎ

2
[𝑓(𝑥0) + 2∑ 𝑓(𝑥𝑖)

𝑛−1

𝑖=2

+ 𝑓(𝑥𝑛)]

=
ℎ

2
[𝑓(𝑎) + 2∑ 𝑓(𝑥𝑖)

𝑛−1

𝑖=2

+ 𝑓(𝑏)] 

 

The estimation of the mistake: 

𝑅𝑖,1(𝑓) =
𝑓′′(𝜂)

2!
∫(𝑥 − 𝑥𝑖−1)(𝑥 − 𝑥𝑖)𝑑𝑥

𝑥𝑖

𝑥𝑖−1

= |the same substitution| =
𝑓′′(𝜂)

2
∫
𝑡ℎ ⋅ ℎ(𝑡 − 1)ℎ 𝑑𝑡

⊕

1

0

=
𝑓′′(𝜂)

2
⋅ ℎ3∫(𝑡2 − 𝑡)𝑑𝑡

1

0

=
𝑓′′(𝜂)

2
ℎ3 [

𝑡3

3
−
𝑡2

2
]
0

1

=
𝑓′′(𝜂)

2
ℎ3 [

1

3
−
1

2
]

= −
1

12
ℎ3𝑓′′(𝜂) = −

1

12
ℎ3𝑀2 

|𝑅1(𝑓)| ≤ 𝑛 ⋅
1

12
ℎ3𝑀2 =

𝑛 ⋅ 𝑀2
12

(𝑏 − 𝑎)3

𝑛3
=

𝑀2
12𝑛2

(𝑏 − 𝑎)3;  𝑀2 = max
𝑥∈〈𝑎;𝑏〉

|𝑓′′(𝑥)| 
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EX: 

∫ sin 𝑥 𝑑𝑥

𝜋
2

0

 

x sin x 

0 0 
𝜋

8
 0,3827 

𝜋

4
 0,7071 

3𝜋

8
 0,9239 

𝜋

2
 1 

∫ sin 𝑥 𝑑𝑥

𝜋
2

0

≐

𝜋
8
2
(0 + 2(0,3827 + 0,7071 + 0,9239) + 1) ≐ 0,9871 

The estimation of the mistake: 

𝑀2
12𝑛2

(𝑏 − 𝑎)3 =
𝑀2

12 ⋅ 42
⋅ (
𝜋

2
− 0)

3

=
1

12 ⋅ 16
⋅
𝜋3

8
=

𝜋3

1536
≐ 0,0202 

𝑓(𝑥) = sin 𝑥 

𝑓′(𝑥) = |cos 𝑥| 

𝑓′′(𝑥) = |−sin 𝑥| ⇒ 𝑀2 = 1 

[=> exact value lies in (0,9871 ± 0,0202)] 
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Summary NCKV k-th order 

k Name Simple Composed Mistake 

0 
Rectangle 
method 

ℎ ⋅ 𝑓(𝑥𝑖−1) ℎ∑𝑓(𝑥𝑖−1)

𝑛

𝑖=1

 

𝑀1 ⋅
𝑏 − 𝑎

2𝑛
 

 
𝑀1
= max
𝑥∈〈𝑎;𝑏〉

|𝑓′(𝑥)| 

1 
Trapezoidal 

method 

ℎ

2
(𝑓(𝑥𝑖−1) + 𝑓(𝑥𝑖)) 

ℎ

2
[𝑓(𝑎) + 2∑𝑓(𝑥𝑖)

𝑛−1

𝑖=2

+ 𝑓(𝑏)] 

𝑀2
12𝑛2

(𝑏 − 𝑎)3 

 
𝑀2
= max
𝑥∈〈𝑎;𝑏〉

|𝑓′′(𝑥)| 

2 
Simpson 
method 

ℎ

3
(𝑓(𝑥𝑖−1) + 4𝑓(𝑠)

+ 𝑓(𝑥𝑖)) 

 
𝑠 střed 𝑥𝑖−1 − 𝑥𝑖  

ℎ

3
[𝑓(𝑥0) + 2∑𝑓(𝑥2𝑖)

𝑛−1

𝑖=1

+ 4∑𝑓(𝑥2𝑖−1)

𝑛

𝑖=1

+ 𝑓(𝑥2𝑛)] 

𝑀4
2880𝑛4

(𝑏 − 𝑎)5 

 
𝑀4
= max
𝑥∈〈𝑎;𝑏〉

|𝑓𝐼𝑉(𝑥)| 

 

 

 


