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APPLIED MATHEMATICS — THE APPROXIMATION OF THE FUNCTIONS

Lecture Notes
The approximation of the functions

- Replacement of the complex functions using suitable function (easier)
- Types of the Approximation

Interpolation (function comes through all poles)
ox)=f;i=12,..,n
Uniform approximation (is not unique)
max|f(x) — p(x)|; x € (xo; xp)

The last squares method

Interpolation
General formulation of the task

N+1 values are given

Xo fo
X1 f1
XN-1 fN-l
XN fN
[xi; fil,i=0..N
Poles

We find @(x) = in the dependency of the shape of the function ¢(x) we speak about interpolation:

- Polynomial

- Spline

- Trigonometric
- Exponencial

The classes of the approximate functions @(x; ag; ay; ...; a,)
X ... variable

a;; i =0... n coefficients

Algebraic polynomials

P,(x) = ag + a;x + azx? + -+ apx™
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- Wecaneasyland D

Weierstrasse theorem about the approximation

If f(x) is continuous function which is given in x €< a;b > and € > 0, then 3 polynomial P(x) given in
<a; b> such that

If(x) = P(x)| <& Vx E<a;b >

If the points [x;; yi] are given; i= 0 ... n such, that x; # x; then 3 unique polynomial P,(x) =ay+
a,x + ayx? + -+ + a,x™ at most n-th degree with property P,(x;) < y;;i=1..n

P(x) = ag + a;x + azx% + - + apx"
[x0; Y0l € Pa(x): ¥ = ag + ayXg + azx§ + -+ + anxy
[x1;71] € Po(): y1 = ag + ayx; + apxf + -+ apx?
[x2;¥2] € Po(x): yp = ag + a1x; + a5 + - + apxy
[2n; ynl € Bu(2): v = @g + asxn + apx + -+ + anXy
n+1 equations of n+1 unknowns (ag ... an)

for xo <x1 <Xz <... <Xn

1 xo x¢ . x7" x3
D=|: : ; =0 —x) (3 —xp) - (kg —x3) - (X — X)) # 0
1 x, x5 .. xRt xR

Vandermond D

- 3! solution
D
Cramer rule: (ao =501 =3y = 8

The indefinite method

- Badly conditioned system
- Big computing difficulty for groowing

Lagrange IP

Indirect construction using the fundamental polynomials [;(x);i = 0, ...n
l;(x;)=0proi #j

Li(x;)=1proi=j

Polynomials li(x) have roots

X0y X1y oo Xie1s Xig1s s X = Li(0) = G - (x — x0) (0 — x1) o (0 — X21) (X — Xj41) oo (x — X))
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forl;(x;)) =1
1

Gi= (g — x0) (ot — 2q) won (g — Xi-1) (X — Xjg1) oo (X5 — Xp)

After substitution we get:

(x = x0) (x = x1) oo (x = x31) (X = Xi41) - (X — Xp)
(i = x0) (g — x1) e (g — 2-1) (63 = Xigq) - (X7 — X))

li(x) =

LnG) = ) yili()
i=0

EX: Construct LIP for function F(x) given using the table
Xi 0 1 2 5

Yi 2 3 12 147

(x-Dx-2)x=5) _
(0-1)(0-2)(0-5)

Fundamental pin: [y (x) = .= —%(x3 —8x%2 +17x — 10)

(x—0)(x—-2)(x-5) 1 5

L(x) = (1_0)(1_2)(1_5)=---=Z(x3—7x + 10x)
(x—0)(x—-—1(x-5) 1 5

,(x) = (2_0)(2_1)(2_5)=---=—g(x3—6x + 5x)
x—0)x—-—1D(x—-2) 1

L0 = G0 De-2 T T

1 1 1
L;(x) =2 [—E(x3 —8x% +17x — 10)] +3 [Z (x3 —7x% + 10x)] + 12 [—g(x3 — 6x% + 5x)

1
+147[@(x3 —3x2+2x)] =x34+x2—x+2

Newton interpolation polynomial (NIP)

LIP — theoretical importance (after changing input data (even a single point) = recounting)
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Proportional difference

x| R0 | A A f(x) MG AR
XO Fo
flxo; x1]
X1 F, flxo; x1; x2]
flxg; x5]
Xz F> f[xli Xp; X3] f[xO; ---;xn—l]
flx2; x3]
X3 F3 flx2;x3;5x4]
flx3;%4] flx0; s x0]
Xa Fa
f[xl; L xn]
f[xn—z;xn—l]
X Fo flxn—2; Xn_1; %]
f[xn—l;xn]
Xn Fn
Af(x) = f;
Af(x) =
fimfo _ )
® xe flxo; x1]
fmfi _ oro
* oy = flxix]
°
fn_fn—
* xn——xn_ll = f[xn—l;xn]
A f(x) =
C _ flxpxo]=flxe;xq]
d f[x(),xl, xz] — X2
. . _ flxgxs]=flxq;x,]
d f[xlleI x3] — X2y
°
o flxn_2ixn_1;%,] = Flxn—152n] = flXn—2i%n-1l

Xn=Xn-2
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n _ .o _ flx1; o5 0] — fX0; v Xn—1]
A f(x)_ f[xOI"'lxn]_ Xn — Xo

NIP: N (x) = fo + flx0; x11(x — x0) + flxo; x1; 22106 —x)(x — 1)+ +
flxo; %15 s X0 (0 — x0) (6 — x1) oo (X — xp1)

The examle of the calculation of the coefficients for equidistant points x; = xg +i*h,i =
0,...,n [xi; fi]

Ny (x;) = fi = [x0; fol : No(xo) = ag = fo

_ fi—ag — fi—fo

[x; f1] ¢ Ni(x) =ap+a;(x1 —xp) =fi>a; = h

X1—X0

[x2; f2] + Nap(x2) = ag + a,(xz — xo) + az(x2 — x0) (X2 — x1) = f;

fi-f
a, = f2=a9—a41(x3—xo) — fa=fo- lh %(2h) _ fo—fo—2fi+2fo _ fo—2f1it+fo
2 (x2=x0) (x2—2x1) 2h h 2h? 2h2

[x3; f3] + N3(x3) = ag + ag(x3 — xo) + a,(x3 — x0)(x3 — x1) +

+asz(x3 — x0) (X2 — x0) (X1 — X0) = f3

_fimao —a4(x3—x9)—az(x3—x0) (x3—x1) _
(x3—x0) (x2—x0) (x1—x0)

as

f1-f f2-2f1+f
fs=fo 1h (30 -2 zh% *(3h)(2h) _ f3—fo—3fi+3fo—-3/2+6f1—3fo _ f3—=3f2+3f1—fo
3h2hh - 6h3 - 6h3

K
[xk; fxl : ax = KA';JLK K=0...n Proportional difference

LIP = NIP other construction, the same result

Estimation of the mistake of the LIP and NIP

It comes from the Taylor theorem —> the expression of the residuum f(x) = Ln

D)
(n+ 1)!

(n+1)
f(x) — Ly = f(nTl()f,) (x = x0) e (x — xp)

foy = Loy + (x —xg) v (x — xp)

lF®Y0)| <M for x € (x; xn)
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EX:
6 4 3
] 0 1 |2 |43 = L3(x)  sinx—>cosx—>-sinx—>-cosx-»sinx
sinx — |2 =
Z 2 2 M estimation max. value of 4th derivation
M=1 x € (0; 1
For instance: for x = % Lj (g) =~ sin(%)
i (H>| sin(§) ] I I I I I TT
— .=l c——(=— ) (== (== (= —=
sing —La\5) =G G TG TPGE PG )
SPLINES

Smoothness of the binding is important
- polynomial of the 3™ degree
- for functional values
®o(xo) = fo - Pi-1(xi=1) = fi1
i-1(x) = fi = i) i (xXi1) = firr = Qir1(Xig1)- . = Pno1(x0) = fo
- for first derivations
@o(x0) =fo - - <P'i_1(xi—1) = f'i_l
o) =f =" )0 () =1 =0 (i) =07 ) = 1
- for second derivations
po(xo) =fo' .. 9" () = 1"
") =f" =" () 9" (i) = 1 = 0" (i) =07 ) = T

@;(x) is polynomial of the 3" degree i = 0,1..., n — 1

EX:
X fix)
Xo 0 1
X1 1 0
X2 2 2
X3 3 1

;(x) =a; + byx + ¢;x? + dx® (unknowns a; b; ¢; d;)
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@', (x) = by + 2¢,x + 3d,x* (unknowns by ¢; d,)
@"(x) = 2¢; + 6dyx (unknowns ¢ dy)
@;(x;_1) = fi_1 o () =9, (x) + initial and final condition

pi(x) = fi 0" () =", (x) @', (x0) = @", (xp)

Last Squares method

Approximation function does not to leave through poles — we can eliminate mistakes of the
measure (— aproximation)

general formulation of the problem:
@(x) f given by the functional values (poles)

x | f(x)
_ X | fo
L h o(x) = agpo(x) + a;,(x) + -+ an@,(x)
@j(x) € T - class of the functions of certain type
*n Ju j=0-k
EX.

><\I_ —
><N| —_
N —

{1;x; x%; -; x*}; {1;sinx;cosx;sin2x; - }; {1;
the condition of the least square method

Z [o () — f;1? = S (ag,as; ;5 ax)
i=0

We are finding the coeficients a, -+ a; such the function S(ay; - ; a) acquires the
minimal value.
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Mineralization of S

S

—=07i=0--k
aa]- i

2 ) lp) — fil - g =0 /2
i=0

L

n
Z[ao%(xi) + ot ager(x) = fil - §0j(xi) =0 System k+1 equations with k+1 unknowns

=0

ag ; ©o(x);(x;) + - + ag ; or(x)pj(x;) = ; fip;(x)

We put  \emymad N/ o/ as a scalar product

coefficient coefficient coefficient

((pp; (pg) z @p (x)pg (x;)
i=0

We get so-called Normal system of equations

ao(@o; o) + a1(@1; @o) + - + ar(@r; 9o) = (fi; Po)

ao(@o; Pr) + a1(Q1; Qi) + -+ ar(Or; i) = (fi; i)

-if the functions @, (x) ... @ (x) are linear independent at the set of the nodes, the system has
unique solution > @(x) = ag@y(x) + a;9,(x) + -+ + arer(x)

EX: Find the pln. Of the 1% degree, which approximate the function f(x) given using the table
We are finding polynomial: P; (x) = ag@o(x) + a,¢4(x)

0o(x) =1; @1 (X) = x; f(xp) = y;

1 0 1 2 3
Xi 2 4 6 8
Yi 2 11 28 40

->normal system of equations:

ag(L; D) +a;(x1) =(f;1)
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ao(1;x) + a.(x;x) = (f; %)

Scalar products:

3
(1;1)=Z(1;1)=1*1+1*1+1*1+1*1=4

=0
3

3
(x;1)=2(xi;1)=2*1+4*1+6*1+8*1=20;(= (1;x)=2(1;x)

i=0 i=0
3

(x;x)=z(xi;xi)=2*2+4*4+6*6+8*8=120;(= (1; x?)

i=0

3
(f;l)=Z(fi;1)=2*1+11*1+28*1+40*1=81
i=0

3
(f; x) =Z(fi;xi)=2*2+11*4+28*6+40*8=536
i=0
94a0 +20a1 == 81 _>a0 - —12,5

20a0 + 120a1 = 536 - a = 6,55
P;(x) = —12,5+ 6,55x
Note: pln. 3™ degree P;(x) = ay + a;x + a,x* + azx3

ap(; D) + a0 1) +a(x%1) +as(x31) = (f; 1)
ao(1;x) + a,(x; x) + ay(x%; x) + as(x3;x) = (f;x)
ao(1; x2) + a;(x;x%) + ay (x%; x2) + a5 (x3; x2) = (f; x?)
ao(1;x3) + a;(x;x3) + a, (2% x3) + as(x3; x3) = (f; x3)

If we use the ORTOGONAL SYSTEM of functions (OSF) in set {xq; X1; ...; X };
(@) (9 9;) = 0proi #j
=> diagonal system

ao(@o; o) + 0+ -+ 0= (f; po)
0+ai(e;01) +-0=(f;91)

0+ 0+ ap(py; ox) = (f; Px)

The Ralston construction:
Wegive:p_1 =0; oo =1; by =0
Q41 = (X —Cr) * @ — by * Qi1

=(x*</’ki</’k)_ _ (Px; Pr)
(o)~ (Pr-1; Pr—1)
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EX. The Ralston construction

i 0 1 2 3
Xi 2 4 6 8
Yi 2 11 28 40

P = AoPo(x) + a;eq(x)
91 =0, by =0; o =1

Q1= —=C)*po—byg*xp_1=(x—Co)xpy=x—5

_ Grxpo00) (1) 20
’ (®o; Po) (1) 4
o = (Fipo) (5D _81
T pope) (LD 4

(o) (fix=5) _2%(2-5+11(4—5)+28%(6—5) +40+(8—5) 131
T o) x-5x-5) (2-5)+(4—-5)?*+(6—-5)*+(8-15)? 20

()———81 1+—131( —5) = -12,5+ 6,55
*
o(x 2 50 & , ,55x

Approximation using the trigonometrical polynomials
- periodical function
- using bigger numbers of TRIG. SERIES - approximation of every continuous function in
closed interval
-> limit case - construction of the Fourier series
- oscilating systems, vibrations - periodical character - functions sin x, cos x
- per. Functions f(t) = f = (t + T) T period (the smallest from possible)

f(x) = Ao + C - sin(wet + @) - substitution x = wyt

f(x)=Ag+ C-sin(x + @) - sin(x + @) = sinx cos ¢ + cos x sin ¢
f(x) =Ap+ C-sinxcos¢ + C-cosxsing >A; =C-sing By =C-cos¢g
f(x) = Ay + Ay cosx + Bysinx +r -> r=residuum

[x;, ¥:];i=1,2,...,N  LSA we will minimize central quadratic mistake

N
NIE, (A = D [y = (Ao + 4y cos x; + By sinxp)]?
i=0
N
ON
- ZZ{[yi — (Ag + Ay cosx; + By sinx;)] - (1)} =0
0 i=0
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N
oN
= Z — (Ag + A1 cosx; + By sinx;)] - (—cosx;)} =0

2|>—‘

i=
6N
= ZZ{ — (A4p + Ay cosx; + By sinx;)] - (—sinx;)} =0

System after simplification:

N N : N
N i=0 COS X; i=0 SIN X; A i=0 Vi
N N 2 N : — N
izo COS X; izo COS” X; Yicosinx; -cosx;| - |A1| = | XiZo Vi " cOSX;

N osinx; XN, cosx; -sinx; N osin? x; By N oYi - sinx;

considerations: equidistant points Xi <-r; T> = sums L side
2T .

X, =-m+ —’ i=0,1,.... N

1) ¥V =jsinx; =0 -V jcosx; = »y Jsmx cos x ——sm2xl

2) YN, cos? xl—ZN 1+costl= > +3 Z _,C0S2x; =
N
N N
sin®x; =Z(1 —cos?x;) =N 5=
=1 i=1
N ,9, 0 Ag ZGVJ’L'
= System 0 70 Ay = XN, yicosx;
0 0 g Ay YN o sinxg
> Regular matrix = inverse Inversion matrix
! [ ]
N/N 0 0 =0 0\ 20 0
Nl N oopr 00 10022||22|
2| 2 0 1 0)z<0 1 00 — O|—>|0 — 0|
E\OOE()Ol 001Nz/lNzl
2 2 0 O N |0 0 Nl
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E N
1
X; Ag = Ez Vi
i=0
N

M=

o

1
> 0 o] | &
w12, ] | ;
=4, =|0 N I* Zyicosxi :A1=N2yicosxi
N -
10 0 ¥l

=N o

i i=0
N N
. 2 .
yisinx;| B; = N yisinx;
Li=0 . =0

Generalization: Periodical function, period 2m given by N+1 equidistant points [x;; y;]1[x; 1,
Xi=-7'[+2%*i we can approximate by T polynomial

Ty(x) = Ay + Ajcosx + Bysinx+..... +A,, cos(M * x) + Bysin(M * x)
Coefficients Ay = %Zﬁvﬂ y;

A; =23, yicos(j x;)

where j=1,2,......, M.

B; = %2?21 yisin(j x;)
M is the degree of T polynomial and satisfy: N>2*M+1
=Numerical approximation of the coefficients of the Fourier series

A= f_nnf(x) xcos(jx)dx - j=0,1,....M

B = [" fo *sin(ix)dx »j=12,...M
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