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Aproximace funkci

poznamky k pfedndskam
Aproximace fci

- Nahrazeni slozitych fci vhodnou fci (jednodussi)
- Typy Aproximace

Interpolace (fce prochazi vSemi pdly)
o) =f;i=12,..,n
Stejnomérna aproximace (neni jednoznacna)
max|f(x) — @ x)]; x € (xo; x,)

Metoda nejmensich ¢tverct

Interpolace
Obecna formulace ulohy

Dano N+1 hodnot

Xo fo
X1 f1
XN-1 fN-1
XN fN
[x;; fil;i=0..N
Poly

Hledame @(x) - v zavislosti na tvaru fce @(x) hovofime o interpolaci:

- Polynomialni

- Splajnové

- Trigonometrické
- Exponencialni

Tridy aproximovanych fci @ (x; ag; ay; -..; )
X ... proménna
a;; i=0... n koeficienty
Algebraické polynomy
P (x) = ag + a;x + azx? + -+ + a,x"

- snadnalabD



Weierstrassova véta o aproximaci
Je-li f(x) spojita fce def. nax x €< a;b > a e > 0, pak 3 polynom P(x) def. na <a; b> takovy, Ze plati
lf(x) —P(x)| <& VxeE<a;b>

Jsou-li dény body [x;; yi; i=0 ... n takové, Ze x; # x; Pak 3 jediny polynom B, (x) = ag + a;x +
ayx? + -+ + a,x™ nejvyde n-tého stupné s vlastnosti B, (x;) < y;;i =1..n

P(x) = ap + a;x + ayx? + -+ + a,x"
[x0; Yo] € Po(X): yo = g + a1Xq + azX5 + - + apxy
[x1;y1] € Pa(x): 31 = ag + ayxq + apx{ + -+ anxy
[x2; 2] € Pa(x): ¥, = ag + arxp + apx3 + - + apxy
[%n; Y] € By (X): yn = G + 1 Xn + a7 + -+ + apixy
n+1 rovnic o n+1 neznamych (ap ... an)

Pro Xo<X1<Xz<... <Xn

1 xg xg x{)“l Xy
D=1+ + : Pl =G —xn) s (o3 —xp) - (g —x3) + oo (o — Xp—1) # 0
1 x, x2 .. x1 x1
Vandermonduv D
- 3! feseni
. D D D
Kramerovo pravidlo: (ao = FO; a, = 31; Ay = ?")

Metoda neurcitych koeficientt

- Spatné podminéna soustava
- velka pocetni naro¢nost pro rost. n

Lagrangetiv IP
Nepfima konstrukce pomoci fundamentélnich polynom [;(x);i =0, ...n
li(x;) =0proi #j
Li(x))=1proi=j
Polynomy li(x) maji kofeny

X0, X1, v s Xim1, Xip1s ooes X = L) = €y (0 = x0) (¢ — 21) v (X — X3-1) (X — X41) o (X — %)
Prol;(x;)) =1

1

(g — x0) (2 — x1) e (g — X2 1) O — Xig1) - (X7 — X5)

Ci=

Po dosazeni dostaneme

(x = x0)(x = 21) oo (0 = x3-1) (¢ — X51) . (X — X))
(g = x0) (g — x1) e (36 — x3-1) (63 — X31) e (X — Xp)

Li(x) =



La() = ) i)
i=0

PF.: Sestrojte LIP fce F(x) dané tabulkou
Xi 0 1 2 5

Yi 2 3 12 147

(x-1)(x-2)(x=5) )
(0-1)(0-2)(0-5)

Fundementalni pin: [ (x) = .= —1—10(x3 —8x%2 4+ 17x — 10)

(x—=0)(x—2)(x—05) 1
W= Tha—pa-s T a® T 10
_G-0E-DE-5_ 1 .
l(x) = Z-0)2-1D2-5) == 6(x3 6x2 + 5x)
(x =0 - D -2) 1
L= EonG-DE-n T T )

1 1 1
Ly(x) =2 [—E(;ﬁ —8x%2 +17x — 10)] +3 [Z (x3 —7x% + 10x)] +12 [—g(x3 — 6x2 + 5x)

1
+147[%(x3—3x2+2x)]= x3+x2—x+2

Odhad chyby LIP a NIP

Vyplyva z Taylorovy véty - vyjadreni zbytku f(x) = Ln

£
(n+ 1!

(n+1)
feo) = Ln) = f(nTl()f!)(x = x0) - (X — xp)

f(x) = Ln(x) + (x = x0) oo (x — xp)

|f(n+1)(x)| <M prox € (xy; xy)



Newtonuv interpolaéni polynom (NIP)

LIP — teoreticky vyznam ( po zméné vst dat (i jediny bod) = prepoditat)

Pomérna diference

X R A 22 (o) ) | AR
Xo Fo
f[xo; xl]
X1 F1 flxo; %15 x,]
flxq; x,]
" E flxg; %25 %3] flxo; oo Xp—1]
f[xzi x3]
. h flxz; x35x4]
fhad flxo; v xn]
X4 Fa
flxe s xn]
f[xn—Z;xn—l]
Xn-l Fn-l f[xn_z; - xn]
f[xn—lixn]
Xn F,
A°f(x) = f;
Af(x) =
fi—fo _ _
* X1—Xo f x5 21]
fo=fi _ .
° Xy—X1 - f[xll x2]
°
o i = flm]
A f(x) =
o flxg;x1;%,] = flxg;x0]=f[x0;%4]

flxe; x5 %3] =

f[xn—z; Xn—-1; xn] =

X2—=Xo

flx2;x3]—fx1;%2]
X3—X1

flxn—1;xn]—fXn—2:%n-11

Xn—Xn-2




A"f(x) = f[X(); e Xpl = f[xl; --.,'Xn; __fJ[CxO; vy Xn—1]
n 0

NIP: Ny, (x) = fo + flx0; x11(x — x0) + flxo; x1; x2](x — x0) (x — x1) + -+
flxos x15 oo 2] (2 — x0) (x — 1) oo (X — 1)

Ukazka vypoctu koeficientd pro ekvidistantnibody x; =x,+i*h,i =0,...,n [xi; fi
Ny (x) = fi = [x0; fol # No(xo) = ag = fo

fizao _ fi-f
[x1; fil 2 Ni(xq) = ap + @y (X1 = Xo) = f1 > ay = ﬁ = %

[x2; f2] + Np(xz) = ag + a; (X2 — xo) + az (X2 — x0) (X2 — X1) = f

fi—fo
a, = fa—ag—a;(xz—xp) — J2=fo- h
27 (x—x0) (x2—%1) 2hh 2h? 2n?

(2h) — fL—fo—2fit2fo _ fa-2f1itfo

[x3; f3] + N3(x3) = ag + a;(x3 — Xo) + az(x3 — x9)(x3 — x1) +

+az(x3 — x0) (X2 — X0) (X1 — Xg) = f3

— fs—ap—aq(x3—x¢)—a,(x3—x0)(x3—x1) _
(x3—2x0) (x2—2x0) (x1—x0)

as

fi-fo L2 L2200 2n)  pf spasf-3ft65-3f0 _ fim3ft3fimfo

3h2hh 6h3 - 6h3
AK T
[xk; fxl + ag = ank K =0..n pomérna diference

LIP = NIP jind konstrukce, vysledek je stejny

ODHAD CHYBY LIP a NIP

Vyplyva z Taylorovy véty - vyjadreni zbytku f(x) = Pn(x)

(n+1)
fo) = Prneoy + f(nTl()f!)(x —Xg) - (X — xp)

(n+1)
f(x) - Pn(x) = f(nTl()f,) (x —x0) . (x — xp)

|f(n+1)(f)| <M prox € (xg;xn)

Hledame Max hodnotu na intervalu {(xy; x,,)

P¥:
X 0 H H H
6 4 3
_ 0 1 [ V2|43 = L3(x) sinx—>cosx—>-sinx—>-cosx—>sinx
sinx — | =2 ] =
2 2 2 M odhad max. hodnot 4. derivace

M=1 x € (0; 1y



Napf: pro x = g L3 (g) ~ sin(g

i [1 sin(§) I1 [T IT 11 II 0T I
FmE‘L4§NS@+1y%“”xg‘zxi‘zxi‘§>
SPLAJNY

Hladkost navazani je dulezita
-> polynom 3. stupné
-> pro funkéni hodnoty
wo(xo) =fo - - pi1(xi—1) = fia
Pi-1() = fi = i) 0 (Xi41) = firr = Gie1(Xip 1) = 1 (xn) = fo
- pro prvni derivace
PG =fg 0 i) = f1i,
0 ) == 0 () @ (Xis) = [y = 0y Cis)e = @ () = 7
-> pro druhé derivace
0o (x0) =fo ... fl)”i_l(xi—ﬂ = f"i_l
0" @) = f = 0 @D 0 (i) = g = 0y Ginn) = 07 () = £

@;(x) je polynom 3. stupné i =0,1.., n—1

Pi:
X fix)

Xo 0 1

X1 1 0

X2 2 2

X3 3 1

@;(x) =a; + byx + c;x2 + dyx® (nezndmé a, b, ¢; d;)

@';(x) = by + 2¢;x + 3d,x* (nezndmé b ¢, d;)

@",(x) = 2¢; + 6d,x (nezndmé c, d,)

0 (xi—1) = fi_1 o (x) =", (x) + pocatecni a kone¢na podminka

@i(x;) = fi @ () = ¢" () @' (x0) = @" (%)



Metoda nejmenSich ¢tverci

Nepozadujeme, aby aproximujici funkce prochédzela p6ly — eliminujeme chyby méfeni
(hodnoty tlohy — aproximace)

Obecna formulace ulohy:
¢@(x) f dano funkénimi hodnotami (poly)

x | fG)
X | fo
L h P(x) = agpo(x) + ayp1(x) + -+ appy(x)
F P i) et - tiida funkei uréitého typu
Xn fa j=0-k

. 1 1
Napf. (1,5 x2; -+; x¥}; {1;sinx;cosx;sin2x; - }; {1; it }

Podminka metody nejmenSich ¢tvercii

Do 0 = fil? = 5 (a0.015 5 )

1=0

Hledame koeficient a, --- a; tak, aby funkce S(ay; -+ ; a,) nabyla své nejmensi hodnoty.

Minimalizace S
s

50~ 0; j=0-k
2- Y loG) — fil - 9 =0 /:2

i=0

n
[agpo(x) + -+ axpi(x;) — fi] “9;j(x;) =0 Soustava k+1 rovnic o k+1 neznamych
=0

L

n n n
a0 ) PoCd; () + 4 @ ) Gy ) = ) fipy ()
i=0 i=0 i=0
N/ o/ o’/
koeficient koeficient koeficient

n
oznaéime (<pp;(pg)2<pp(xi)gog(xi) jako skaldrni soucin

=0



Dostaneme tzv. Normalni soustavu rovnic

aog(@o; ©o) + a1 (@1; o) + -+ + ar(@k; o) = (fis; ¥o)

ao(Po; Px) + a1 (01;0x) + -+ ax(Qr; 9i) = (fis Px)

—>pokud jsou fce @y (x) ... @i (x) Linedrné nezavislé na mnoZziné uzll, ma tato soustava jediné feseni
> @(x) = agpo(x) + a;p1(x) + - + ag @y (x)

1) Naleznéte pIn. 1.stupné, ktery aproximuje fci f(x) danou tabulkou
Hleddme polynom: P; (x) = agpy(x) + a ¢4 (x)

Po(¥) = 1; 91 (x) = x; f(xiy = i

1 0 1 2 3
Xi 2 4 6 8
Y 2 11 28 40

—>normalni soustava rovnic:
a(L; D) +a.(x;1) =(f;1)
ag(1;x) +ay(x;x) = (f;x)

Sk.souciny:

3
(1;1)=Z(1;1)=1*1+1*1+1*1+1*1=4
i=0

3 3
(x;l)=Z(xi;1)=2*1+4*1+6*1+8*1=20;(= (1;x)=Z(1;x)
i=0 i=0

3
(x;x)=Z(xi;xl-)=2*2+4*4+6*6+8*8=120;(= (1;x?)

1=0

3
(f;l)=Z(fi;1)=2*1+11*1+28*1+40*1=81
i=0

3
(f;x)=Z(fi;xi)=2*2+11*4+28*6+40*8=536
i=0
94‘(10 +20a1 = 81 bl ao = —12,5

20ay + 120a; = 536 — a; = 6,55
P;(x) =—12,5+ 6,55x
Pozn: pln. 3.stupné P;(x) = ay + a;x + a,x? + azx3
ag(; 1) +a,(x 1)+ ay(x%1) + as(x3;1) = (f; 1)

ao(1;x) + a,(x;x) + ay(x%;x) + az(x3;,x) = (f;x)
ao(1;x%) + a; (6, x%) + ay(x%; x2) + az (x3;x2) = (f; x%)



ao(L;x3) + a1 (6 x3) + a, (% x%) + ag (x3;x3) = (f;x%)

PouZijeme-li ORTOGONALNI SYSTEM FCi (OSF) na mnoziné {xg; xq; ...; Xp};
(P)iLs; (@i @) =0proi#j
=> diagondini soustava
ao(@o; Po) + 0+ -+ 0= (f;9o)
0+ a;(@;01) +-0=(f;01)

0+ 0+ ap(@r; ox) = (f; Px)

Konstrukce OSF dle Ralstona:
Klademe: p_1 =0; 9o =1; by =0
Qr+1 = (X — Cr) * @i — by * Qp_q

_Groe) (@ er)

(Pr; oK) o (Pk-1; Pi-1)
PF. pres OSF

i 0 1 2 3
X 2 4 6 8
Yi 2 11 28 40

P = agPo(x) + ayp,(x)
@_1=0; by =0; po=1

@1 =x—=Co)*pg—byxp_1=x—Co)*py=x—5

. = (x* @o,90) _ (x;1) =@=5
7 (popo) (L) 4
(o) (1) 81

T Woey) LD 4

_ (fie) . (fix—5)  2x(2-5)+11(4—-5)+28%(6—5)+40%(8—5) 131
al_(qol;qol)_(x—S;x—S)_ (2-5)2+ (4—5)2+(6—5)2+(8—5)2 20

81 13

1
o(x) :T*1+ (x—5)= —12,5+4+6,55x

20

Aproximace trigonometrickymi polynomy
- periodické fce
- pouZitim vétsiho poétu ¢lendl TRIG. RADY - aproximace kaZdé spojité fce na uzav. Intervalu
-> limitni pfipad = konstrukce Fourierovy fady
- oscilujici systémy, vibrace - periodicky charakter - fce sin x, cos x
- per.Fce f(t) = f = (t + T) T perioda (nejmensi z moznych)

f(x) =Ag + C-sin(wgt + @) - substituce x = wyt
f(x) =Ap+ C-sin(x + ¢) - sin(x + @) = sinxcos@ + cosxsing

f(x)=Ay+ C-sinxcosep + C-cosxsing 2> A, =C"sing By =C-cosg



f(x) =Ag+ Ajcosx + Bysinx +r -> r=reziduum (odchylka fce f(x) a jeji
aproximaxce)

[x;,v;];i=1,2,..,N  MNC budeme minimalizovat stfedni kv. chybu

N

NIE,(P = Y [yi = (Ao + Ay cos x; + By sinx,)]?
i=0
N
ON
—= ZZ{[yi —(Ap + Ajcosx; +B;sinx)]-(-1)} =0
Ao i=0
N~ ,
R 2 Z{[yi — (Ag + A, cosx; +B;sinx;)] - (—cosx;))} =0
1
N
ON _ _
—=2 Z{[yi ~ (Ag + Ay cosx; + By sinx;)] - (—sinx;)} = 0
L i=0

Soustava po Upravé:

N Yo cos x; Yo sinx; Ao Yo
yN ocosx; N ycos?x; N osinx;-cosx;|*[A1] = [N,y - cosx;
Nosinx; YN cosx; - sinx; N o sin? x; Bl |¥N ;- sinx;
Uva hy: Ekvidistantni body Xi <-T; > = soucty L strana
X =-m+3Z i=0,1,...N
1) ?’=j sinx; =0 —>21iv=j cosx; = Z?':j sinx, cos x =%sin2xl-
N 2 N 1+4cos2x; N | 1@onN N
2) Xiz1€0s°X; = X j———— = 5 + 5 Xj=1C052X; = =
N N
. ) N N
sin xi=Z(1—cos x;)=N——=—
, 2 2
=1 i=1
N0 01 g, X0 yi
= Soustava z 94| = Yiloyicosx;
0 0 g Ay >N, sinx,
Reguladrni matice = inverzni Inverzni matice
1 1 1
NN 0 O 5 0 O > 0 O
Mo ¥ o|r 00 1o 0° , )
2 2 (01 0)={0 1 OO0 = O0|—|0 = O
ﬁ\00ﬁ001 001N2/ N
2 2 0 0 —= 0 0 —
N N



N
1
E | 2 fo=3 )
E 0 0 i=0 i=0
Ag 2 N ) N
=141 =0 N 0f* Zyicosxi =4, =y 2, Yicosxi
A1 2 i=0 i=0
0 = |& N
N . 2 _
z}’ismxi B, = NZ y;Sin x;
-i=0 - 1=0

Zobecnéni: Periodick4 fci. s periodou 2rt danou N+1 perzistujicimi body [x;; y;]1[x;vi],
. , 2l oy .
Po které plati xi=-Ti+—— miiZeme aproximovat T polynomem
Ty(x) = Ay + Ajcosx + Bysinx+..... +A) cos(M * x) + Bysin(M * x)
. 1
Koeficienty Ao = Ny
2 .
Ay =230, yicos(jx)
2 .
By =23, yisinGjix)
M je stupen T polynomu a plati: N>2*M+1
=Numerickd aproximace koeficientl Fourierovy rfady

Ay = [ fay xcos(x)dx = j=01,....M

Bj = f_nnf(x) xsinjx)dx - j=12,....M



